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On constacyclic codes over Z4[u]/〈u
2 − 1〉 and their
Gray images
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Abstract: We first define a new Gray map from R = Z4+uZ4 to Z
2
4, where u
2 = 1 and
study (1 + 2u)-constacyclic codes over R. Also of interest are some properties of (1 + 2u)-
constacyclic codes over R. Considering their Z4 images, we prove that the Gray images of
(1+2u)-constacyclic codes of length n over R are cyclic codes of length 2n over Z4. In many
cases the latter codes have better parameters than those in the online database of Aydin
and Asamov. We also give a corrected version of a table of new cyclic R-codes published
by O¨zen et al. in Finite Fields and Their Applications, 38, (2016) 27-39.
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1 Introduction
Codes over finite rings have been studied since the early 1970s. A great deal of attention
has been given to codes over finite rings since the middle of 1990s because of their new role in
algebraic coding theory and their useful applications. A landmark paper [5] has shown that
certain nonlinear binary codes with excellent error-correcting capabilities can be identified
as images of linear codes over Z4 under the Gray map. This motivated the study of codes
over finite rings, especially codes over Z4, which remain a special topic of interest in the
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field because of their relation to lattices, designs, and low correlation sequences [9].
Due to the importance of codes over Z4 and intensive work over Z4-codes, a database of
Z4-codes was created in [1] and is available in [3]. An important problem in the field is to
obtain codes over Z4 with better parameters than the ones given in the database [3]. A lot
of work for this has been done in recent years (e.g.[1, 7, 8, 10, 11, 12]). For example, Wu
et al discussed 1-generator generalized quasi-cyclic codes over Z4 in [10]. They constructed
some new Z4-linear codes and obtained some good binary nonlinear codes using the usual
Gray map.
More recently, extension rings of Z4 have been considered in coding theory. Among
those, rings of order 16 are of special importance [6]. Yildiz, Aydin and Karadeniz discussed
linear codes, cyclic codes over Z4+uZ4 (u
2 = 0) and Z4-images in [11, 12]. The construction
of one-Gray weight and two-Gray weight codes over Z4+uZ4 with u
2 = u was studied in [8].
It is worth noting that O¨zen et al. have proved that the Z4-image of a (2 + u)-constacyclic
code over Z4+uZ4 (u
2 = 1) of odd length is a cyclic code over Z4 in [7]. They also presented
many examples of cyclic codes over Z4+uZ4 whose Z4-images have better parameters than
previously best-known Z4-linear codes. Checking the parameters of the new codes presented
in [7], we noted that the entries in Table 1 of [7] are erroneous. One of the authors of [7]
(who is also a co-author of this paper) confirmed that somehow incorrect data was entered
into Table 1. We present the correct data in this paper.
We ask the following question to extend the work in [7]. Does there exist a special class
of constacyclic codes over Z4 + uZ4 (u
2 = 1) whose Z4-images (with possibly a different
Gray map) produce Z4-cyclic codes with improved parameters ? We have been able to show
that the answer is affirmative. Using (1+2u) as the shift constant, and a new Gray map we
introduce, we have obtained many examples of constacyclic codes over R whose Z4-images
have better parameters than previously best-known Z4-linear codes given in [3].
The material of the paper is organized as follows. Section 2 introduces some preliminary
results on linear codes over the ring R that we need. In Section 3, we investigate the
structures and properties of (1 + 2u)-constacyclic codes over R. In Section 4, we present
some cyclic codes over Z4 that are obtained from the (1 + 2u)-constacyclic codes over R,
and have either the same parameters as the ones in [3] or better parameters. Section 5
concludes the paper.
2 Preliminary results
Throughout this paper, we let R denote the commutative ring Z4+uZ4 = {0, 1, 2, 3, u, 2u,
3u, 1+u, 2+u, 3+u, 1+2u, 2+2u, 3+2u, 1+3u, 2+3u, 3+3u}, where u2 = 1. Clearly, R ∼=
2
Z4[u]/〈u
2−1〉. Its units are given by {1, 3, u, 3u, 2+u, 1+2u, 3+2u, 2+3u}. There are 7 ideals
in this ring of characteristics 4 given by {〈0〉, 〈2u〉, 〈1 + u〉, 〈3 + u〉, 〈2 + 2u〉, 〈2u, 1 + u〉, R}.
It is a local ring with maximal ideal 〈2u, 1 + u〉.
Let η be a unit in R. A linear code C of length n over R is called η-constacyclic if it is in-
variant under the constacyclic shift operator ̺η(r0, r1, · · · , rn−1) = (ηrn−1, r0, r1, · · · , rn−2),
where (r0, r1, · · · , rn−1) ∈ C. The constant η is called the shift constant for C. In this
paper, we study constacyclic codes with shift constant 1 + 2u over R. Note that cyclic
codes are a special case of constacyclic codes with η = 1. If σ is the cyclic shift operator,
then σ(r0, r1, · · · , rn−1) = (rn−1, r0, r1, · · · , rn−2). In other words, C is said to be cyclic if
σ(C) = C and constacyclic if ̺η(C) = C for some unit η ∈ R.
Let x = (x0, x1, x2, · · · , xn−1) and y = (y0, y1, y2, · · · , yn−1) be two elements of R
n. The
Euclidean inner product of x and y is defined as x · y = x0y0+x1y1+ · · ·+xn−1yn−1, where
the operations are performed in R. For a code C over R, its dual code C⊥ is defined as
C⊥ = {x ∈ Rn | x · y = 0 for all y ∈ C}.
Throughout this paper, we choose the unit η = 1 + 2u ∈ R as the shift constant of the
constacyclic codes. It is well known that a (1 + 2u)-constacyclic code of length n over R
can be identified as an ideal of the quotient ring R[x]〈xn−(1+2u)〉 via the R-module isomorphism
ϕ :
Rn −→
R[x]
〈xn − (1 + 2u)〉
,
(a0, a1, · · · , an−1) 7−→ a0 + a1x+ · · ·+ an−1x
n−1(mod (xn − (1 + 2u))).
In the sequel, we define a Gray map Φ : R −→ Z24 by Φ(a+ bu) = (b, 2a + b). One can
verify that Φ is a linear map, but it is not a bijective map.
The polynomial correspondence of the Gray map can be defined as
Φ : R[x]/〈xn − (1 + 2u)〉 −→ Z4[x]/〈x
2n − 1〉
given by
Φ(a(x) + b(x)u) = b(x) + xn(2a(x) + b(x)).
Notice that (1 + 2u)n = 1 + 2u if n is odd and (1 + 2u)n = 1 if n is even.
3 (1 + 2u)-constacyclic codes over Z4[u]/〈u
2 − 1〉
Similarly to the proof of Proposition 4.1 and Theorem 4.2 in [7], we have the following
proposition.
Proposition 3.1 Let ̺ denote the (1+2u)-constacyclic shift of Rn and σ denote the cyclic
3
shift of Zn4 . If Φ is the Gray map from R
n into Z2n4 , then Φ̺ = σΦ.
As a consequence of Proposition 3.1, we have the following corollary.
Corollary 3.2 The Gray image of a (1+2u)-constacyclic code over R of length n is a cyclic
code over Z4 of length 2n.
Proposition 3.3 Let C be a code of length n over R. Then C is a (1 + 2u)-constacyclic
code if and only if C⊥ is a (1 + 2u)-constacyclic code.
Proof. =⇒: Let C be a λ-constacyclic code of length n over R where λ = 1 + 2u, and
x ∈ C⊥, y ∈ C. Because C is λ-constacyclic, ̺n−1λ (y) ∈ C, where the exponent n − 1
denotes an (n − 1)-fold composition. Thus, 0 = x · ̺n−1λ (y) = λ̺λ−1(x) · y = ̺λ−1(x) · y,
which means that ̺λ−1(x) ∈ C
⊥. Therefore, C⊥ is closed under the ̺λ−1-shift. Since
λ−1 = (1 + 2u)−1 = 1 + 2u, C⊥ is a (1 + 2u)-constacyclic code.
⇐=: Suppose C⊥ is a (1+2u)-constacyclic code. By the “ =⇒ ” direction, (C⊥)⊥ is also
a (1 + 2u)-constacyclic code.
In some occasions, we find it is more convenient to use a permuted version of Φpi defined
as Φpi(r) = (b0, 2a0 + b0, b1, 2a1 + b1, · · · , bn−1, 2an−1 + bn−1). The codes obtained using Φ
and Φpi are permutation equivalent.
Proposition 3.4 For any r ∈ Rn, we have Φpiσ(r) = σ
2Φpi(r).
Proof. The proof is similar to that of Proposition 4.3 in [7]. We omit it here.
From the definition of Φpi, we get the following corollary.
Corollary 3.5 Let C be a cyclic code of length n over R. Then its Z4-image Φpi(C) is
equivalent to a 2-quasicyclic code of length 2n over Z4.
In the following, we study (1+2u)-constacyclic codes over R when n is odd by introducing
the following isomorphism from Rn to Tn.
Proposition 3.6 Let
φ : Rn = R[x]/(x
n − 1) −→ Tn = R[x]/(x
n − (1 + 2u))
be defined by φ(c(x)) = c((1 + 2u)x). If n is odd, then φ is a ring isomorphism.
Proof. The proof is similar to that of Proposition 4.5 in [7]. We omit it here.
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From Proposition 3.6, we obtain the following corollaries.
Corollary 3.7 Let n be an odd number. Then I is an ideal of Rn if and only if φ(I) is an
ideal of Tn.
Corollary 3.8 Let n be an odd number. Then a (1 + 2u)-constacyclic code of length n
over R is equivalent to a cyclic code of length n over R by the ring isomorphism φ.
Let φ : Rn −→ Rn be defined by φ(c0, c1, · · · , cn−1) = (c0, (1+2u)c1, (1+2u)
2c2, · · · , (1+
2u)n−1cn−1). Then it is easy to prove the following lemma.
Lemma 3.9 C is a cyclic code over R of odd length n if and only if φ(C) is a (1 + 2u)-
constacyclic code of length n over R.
Similarly to Theorem 4.8 in [7], we characterize (1 + 2u)-constacyclic codes over R of
odd length using the isomorphism φ as follows.
Proposition 3.10 Let n be odd and C be a (1 + 2u)-constacyclic code of length n over R.
Then C is an ideal in R[x]/〈xn − (1 + 2u)〉 generated by
C = 〈u′1(x˜)(v
′
1(x˜) + 2) + (1 + u)u
′
2(x˜)(v
′
2(x˜) + 2), (1 + u)u
′
3(x˜)(v
′
3(x˜) + 2)〉,
where x˜ = (1 + 2u)x, and u′i(x), v
′
i(x), w
′
i(x) are monic, pairwise coprime polynomials in
Z4[x] such that x
n − 1 = u′i(x)v
′
i(x)w
′
i(x), i ∈ {1, 2, 3}.
Before stating our next result about a class of constacyclic codes with a special generator
polynomial, we need the following lemma.
Lemma 3.11 Let n be odd. Suppose C is a code over R generated by 〈u1(x)(v1(x) +
2), uu2(x)(v2(x) + 2)〉. Then C is a cyclic code of length n over R, where ui(x), vi(x), wi(x)
are monic, pairwise coprime polynomials in Z4[x] such that x
n − 1 = ui(x)vi(x)wi(x),
i ∈ {1, 2}.
Proof. By the assumption and u · [uu2(x)(v2(x) + 2)] = u2(x)(v2(x) + 2) ∈ C, then C can
be expressed as
C = 〈u1(x)(v1(x) + 2), u2(x)(v2(x) + 2)〉 = 〈u1(x)v1(x), 2u1(x), u2(x)v2(x), 2u2(x)〉.
Suppose d1(x) =gcd(u1(x)v1(x), u2(x)v2(x)) and d2(x) =gcd(u1(x), u2(x)). Obviously,
we have 〈d1(x), 2d2(x)〉 ⊆ C. On the other hand, C = u1(x)v1(x)R[x] + u2(x)v2(x)R[x] +
2u1(x)R[x]+2u2(x)R[x]. However, 2u1(x)R[x]+2u2(x)R[x] = 2d2(x)R[x] and u1(x)v1(x)R[x]
+ u2(x)v2(x)R[x] = d1(x)R[x]. Hence, C ⊆ 〈d1(x), 2d2(x)〉, i.e. C = 〈d1(x), 2d2(x)〉,
where d2(x)|d1(x)|x
n − 1. According to the proof of Theorem 7.26 in [9], we have C =
〈d1(x) + 2d2(x)〉. Thus C is a cyclic code.
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Using the isomorphism φ and the above lemma, we characterize (1 + 2u)-constacyclic
codes with special generator polynomial over R of odd length as follows.
Theorem 3.12 Let n be odd and C be a (1+2u)-constacyclic code of length n over R. Then
C is an ideal in R[x]/〈xn− (1+2u)〉 generated by C = 〈u1(x˜)(v1(x˜)+2), uu2(x˜)(v2(x˜)+2)〉,
where x˜ = (1 + 2u)x, and ui(x), vi(x), wi(x) are monic, pairwise coprime polynomials in
Z4[x] such that x
n − 1 = ui(x)vi(x)wi(x), i ∈ {1, 2}.
We can write the generators of a (1+ 2u)-constacyclic code given by the above theorem
in the form C = 〈g1(x˜), ug2(x˜)〉, where x˜ = (1 + 2u)x.
Remark 3.13 In fact, according to Proposition 3.10 and the proof of Lemma 3.11, C =
〈u′1(x˜)(v
′
1(x˜)+2)+(1+u)u
′
2(x˜)(v
′
2(x˜)+2), (1+u)u
′
3(x˜)(v
′
3(x˜)+2)〉, and if we set u
′
2(x˜)(v
′
2(x˜)+
2) = 0, u′3(x˜) = u
′
1(x˜) = d2(x˜), v
′
3(x˜) = v
′
1(x˜) =
d1(x˜)
d2(x˜)
, then C = 〈u′1(x˜)(v
′
1(x˜) + 2)〉 =
〈d1(x˜) + 2d2(x˜)〉 = 〈u1(x˜)(v1(x˜) + 2), uu2(x˜)(v2(x˜) + 2))〉, which means Proposition 3.10
includes Theorem 3.12 as a special case.
There is a special permutation of Z2n4 , called Nechaev permutation, which turns out to
be useful in studying cyclic codes over Z4. It is defined as follows.
Definition 3.14 Let n be odd and let τ be the following permutation τ = (1, n+1)(3, n+
3) · · · (2i+ 1, n+ 2i+1) · · · (n− 2, 2n− 2) on {0, 1, · · · , 2n− 1}. The Nechaev permutation
is the permutation π defined by π(c0, c1, · · · , c2n−1) = (cτ(0), cτ(1), · · · , cτ(2n−1)).
Proposition 3.15 Let φ be defined as above. If π is the Nechaev permutation and n is
odd, then Φφ = πΦ.
Proof. Let r = (r0, r1, · · · , rn−1) ∈ R
n where ri = ai + biu, 0 ≤ i ≤ n − 1. Since φ(r) =
(r0, (1+2u)r1, (1+2u)
2r2, · · · , (1+2u)
n−1rn−1), (Φφ)(r) = (b0, 2a1+b1, b2, 2a3+b3, · · · , bn−1,
2a0+b0, b1, 2a2+b2, b3, · · · , bn−2, 2an−1+bn−1). On the other hand, since Φ(r) = (b0, b1, · · · ,
bn−1, 2a0 + b0, 2a1 + b1, · · · , 2an−1 + bn−1), (πΦ)(r) = π(b0, b1, · · · , bn−1, 2a0 + b0, 2a1 +
b1, · · · , 2an−1+bn−1) = (b0, 2a1+b1, b2, 2a3+b3, · · · , bn−1, 2a0+b0, b1, 2a2+b2, b3, · · · , bn−2,
2an−1 + bn−1). Thus Φφ = πΦ.
Corollary 3.16 Let π be the Nechaev permutation and n be an odd number. If χ is the
Gray image of a cyclic code over R, then π(χ) is a cyclic code.
Proof. Let χ be such that χ = Φ(C), where C is a cyclic code over R. According to
Proposition 3.15, we have (Φφ)(C) = (πΦ)(C) = π(χ). By Corollary 3.9, we know that
φ(C) is a (1 + 2u)-constacyclic code. Therefore, by Corollary 3.2, (Φφ)(C) = π(χ) is a
cyclic code.
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4 Computational results
In this section, based on Theorem 3.12, we present the numerical results of a computer
search on (1 + 2u)-constacyclic codes over R and their Z4-images for some odd lengths.
The computations are carried out using Magma software [2]. We list both the minimum
Lee weights and the minimum Euclidean weights for Z4-images of the codes. Recall that
the Lee weights of 0, 1, 2, 3 are, respectively, 0, 1, 2, 1 and the Euclidean weights of 0, 1, 2, 3
are, respectively, 0, 1, 4, 1. We define the Lee and Euclidean weights of an element of z =
a+ ub ∈ R as wL(z) = wL(Φ(z)) = wL(b, 2a + b) and wE(z) = wE(Φ(z)) = wE(b, 2a + b).
In Table 1 and Table 2, we obtain some cyclic codes with improved parameters over
Z4 with respect to Lee weight (Euclidean weight) which are obtained from the (1 + 2u)-
constacyclic codes 〈g1(x˜), ug2(x˜)〉 over R. That is, these codes have better parameters
(larger minimum distance than the comparable codes) than the ones in [3]. In some cases,
a code of given size does not exist in [3]. Those codes are also considered new. The first
column is the length n of the code over R, the second and third columns are the coefficients
of generator polynomials written from high to low order (for example, the polynomial
x4 + 3x3 + 2x2 + 1 is represented by 13201), where gi(x˜) = gi((1 + 2u)x), i = 1, 2 and
the fourth column gives the parameters of the Gray images with respect to minimum Lee
distance dL (minimum Euclidean distance dE).
The codes with asterisk (∗) have the property that their binary images are linear and
they are best known binary linear codes in [4]. The (1+2u)-constacyclic codes over R have
better Z4-parameters than cyclic codes [7]. For example, in Table 1, for n = 7, the codes of
length 14 with minimum Lee distances 8, 6, 4 have sizes 210, 212, 219 respectively, while the
codes in Table 3 of [7] only have sizes 26, 210, 218 respectively. Also, in Table 2, for n = 7,
the codes of length 14 with minimum Euclidean distances 16, 8, 4 have sizes 29, 213, 219
respectively, while the codes in Table 3 of [7] only have sizes 26, 212, 218 respectively.
Table 3 is a correction to the table of cyclic codes of length 7 over R and their Z4-images
that have length 14 published in [7]. The entries in the table in the published article are
erroneous. We present the corrected table here.
5 Conclusion
This article is devoted to investigating some properties of (1 + 2u)-constacyclic codes
over R = Z4 + uZ4, where u
2 = 1. We present many examples of (1 + 2u)-constacyclic
codes over R whose Z4 images are Z4-cyclic codes with improved parameters according to
the online database [3]. It is worth exploring properties of constacyclic codes over the other
rings of order 16 [6], and examine whether they produce new linear codes over Z4.
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Table 1: Some Z4 cyclic codes with improved parameters from (1 + 2u)-constacyclic
codes over R with respect to Lee weight
n g1(x) g2(x) Parameters of Z4 image
3 0 22 (6, 4022, 8L)
∗
3 111 0 (6, 4121, 6L)
∗
3 0 13 (6, 4223, 4L)
∗
5 11111 0 (10, 4121, 10L)
5 0 11 (10, 4024, 8L)
5 0 13 (10, 4425, 4L)
∗
7 0 22202 (14, 4023, 16L)
∗
7 1113133 2022 (14, 4121, 14L)
7 1113133 1011 (14, 4124, 12L)
∗
7 3121 1113313 (14, 4422, 8L)
7 3121 20222 (14, 4424, 6L)
7 0 33 (14, 4627, 4L)
∗
9 0 22022022 (18, 4022, 24L)
∗
9 33033033 2002002 (18, 4223, 12L)
9 33033033 222 (18, 4228, 8L)
9 0 31 (18, 4829, 4L)
11 33333333333 0 (22, 4121, 22L)
11 0 22 (22, 40210, 8L)
11 0 13 (22, 410211, 4L)
13 0 3333333333333 (26, 4121, 26L)
13 0 22 (26, 41212, 8L)
13 0 13 (26, 412213, 4L)
15 0 200020222 (30, 4027, 20L)
15 0 202022 (30, 40210, 16L)
15 0 10011 (30, 40211, 12L)
15 113212223 0 (30, 47211, 10L)
15 113212223 1131023 (30, 410214, 8L)
15 13201 13201 (30, 411211, 6L)
15 1131023 1131023 (30, 49213, 6L)
15 0 11 (30, 414215, 4L)
8
Table 2: Some Z4 cyclic codes with improved parameters from (1 + 2u)-constacyclic
codes over R with respect to Euclidean weight
n g1(x) g2(x) Parameters of Z4 image
3 0 22 (6, 4022, 16E)
3 0 2002 (6, 4023, 8E)
3 0 113 (6, 4123, 6E)
5 0 22 (10, 4024, 16E)
5 11111 11111 (10, 4121, 10E)
5 0 13 (10, 4425, 8E)
7 0 11101 (10, 4023, 32E)
7 0 22202 (14, 4024, 24E)
7 31101 1111111 (14, 4323, 16E)
7 1113313 1113133 (14, 4124, 14E)
7 32111 (14, 4327, 8E)
7 0 3121 (14, 4427, 6E)
7 0 33 (14, 4627, 4E)
9 0 22022022 (18, 4022, 48E)
9 0 2002002 (18, 4023, 24E)
9 0 22 (18, 4028, 16E)
9 33033033 222 (18, 4228, 12E)
9 0 1001003 (18, 4329, 6E)
9 0 31 (18, 4829, 4E)
11 33333333333 0 (22, 4121, 22E)
11 0 22 (22, 40210, 16E)
11 0 13 (22, 410211, 4E)
13 0 3333333333333 (26, 4121, 26E)
13 0 22 (26, 41212, 16E)
13 0 13 (26, 412213, 4E)
15 0 200020222 (30, 4027, 40E)
15 0 202022 (30, 40210, 32E)
15 0 10011 (30, 40211, 24E)
15 0 22 (30, 40214, 16E)
15 113212223 0 (30, 47211, 10E)
15 113212223 1131023 (30, 410214, 8E)
15 0 30211 (30, 411215, 6E)
15 0 11 (30, 414215, 4E)
9
Table 3: Correction to [7]: Some cyclic codes of length 7 with Z4-images
g1(x) g2(x) g3(x) Parameters of Z4 image
20222 20222 20222 (14, 4026, 8)
2202 2222222 2222222 (14, 4028, 6)
22 20222 20222 (14, 40212, 4)
27 37 37 (14, 4121, 7)
2202 37 37 (14, 4127, 6)
1113313 37 37 (14, 4226, 6)
22 32133 32133 (14, 4329, 4)
2 37 3121 (14, 44210, 2)
11301 20222 20222 (14, 4626, 4)
11 27 27 (14, 41222, 2)
20222 20222 20222 (14, 4026, 16E)
20222 27 27 (14, 4027, 12E)
22 20222 20222 (14, 40212, 8E)
20222 37 37 (14, 4126, 12E)
27 27 32133 (14, 4321, 12E)
20222 32133 32133 (14, 4323, 8E)
20222 3121 37 (14, 4420, 12E)
22 37 32133 (14, 4429, 4E)
37 37 32133 (14, 4520, 7E)
3121 37 33123 (14, 41120, 3E)
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